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Abstract

[ Comment addel in Octobker, 2003: This paper is now of mostly historical im-
portance. At the time of publication (1995) it wasone of the rst machine learning
papers to stressthe importance of stochastic sampling in time-series predic-
tion and time-series model learning. In this paper we suggestd to use Gibbs sam-
pling (Section 4), nowadaysparticle lters are commonly usal instead. Secondly,
this is one of the rst papers in machine learning to derive the gradient equations
for control optimization in reinfor cement learning policy-sp ace search meth-
ods (Section 6.3). The only previous publication on policy-space search methals to
our knowledgeis: Williams, Ronald J. 1992. Simple statistical gradient-following
algorithms for connectionist reinforcement learning. Machine Learning 8:229-256.
Since our paper wasadressel to a neural network community, we focusse& on a neu-
ral network representation with Gaussian noise. In Section 6.3, under the subtitle
Stochastic Control we derive the gradients for oine policy-space search methads.
Here, a keepsa trace of the gradient and e accumulatesgradient times cost infor-
mation. Under the subtitle On-line Adaptation we derive the gradients for online
policy-space search methads and make the connection to value functions. Unfortu-
nately, we never found the time to follow-up on this paper. Part of the reason was
that the RL-experts to whom we presentel this paper at the time of publication did
not exhibit much interest]

We discussthe issue of missing and noisy data in nonlinear time-series predic-
tion. We derive fundamertal equations both for prediction and for training. Our
discussionshows that if measuremets are noisy or missing, treating the time series
as a static input/output mapping problem (the usual time-delay neural network
approad) is suboptimal. We describe approximations of the solutions which are
basedon stochastic simulations. A special caseis K -step prediction in which a one-
step predictor is iterated K times. Our solutions provide error bars for prediction
with missing or noisy data and for K -step prediction. Using the K -step iterated
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logistic map as an example, we show that the proposed solutions are a consider-
able improvemern over simple heuristic solutions. Using our formalism we derive
algorithms for training recurrent networks, for control of stochastic systemsand for
reinforcemert learning problems.

1 Intro duction

Missing data in time-seriesprediction are a commonproblem in many applications. The
goal is to obtain valid predictions even if somemeasuremets becomeunavailable or are
not recorded. Similarly, training data are often incomplete. In this paper we analyze
this problem from a probabilistic point of view. In previous publications the problem of
learning and prediction with missing and noisy featuresin (static) estimation problems
was examined(see,for example[2, 3, 4]). The solutionsfor both prediction and learning
consistedof integrals over the unknown variable weighted by the conditional probability
density of the unknown variable given the known variables. The basicideais the samefor
missingdata in time-seriesprediction, but here, we can exploit the fact that the missing
measuremen itself is part of the time series. Similar issuesarise if we can only obtain
noisy measuremets of the underlying true time series.

In this paper, we provide solutions for the problem of prediction and training with
missing or noisy data in time-seriespredictions. As a special case,we considerK -step
prediction in which a one-steppredictor is iterated K times. We shov how error bars
can be derived for prediction with missing and noisy inputs and for K-step prediction.
Finally, we point out that the learning algorithms derived in this paper can be used
to train recurrert neural networks, for stochastic cortrol and for reinforcemen learning
problems.

2 Prediction with Missing Inputs

2.1 One Missing Realization
We assumethat the underlying probabilistic model of the time seriescan be descrited by
Ye= (Ve 1oVt 23 i Ye N) ot 1)

wheref () is either known or approximated su cien tly well by a function approximator
sud asa neural network. ; is assumedo be additive uncorrelated zero-meannoisewith
probability density P ( ) and typically represems unmodeled dynamics. The conditional
probability density of the predicted instance of the time seriesis then

Py: 1Y 22025 ¥e n) =P QY 0ye 200005y w)): (2)
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Figure 1: A time seriesunfoldedin time. The arrows indicate that the next realization of
the time seriescan be predicted from the two most recen values,y; = f (Yt 1;¥t 2) + ¢.
Here, y; » is assumedto be missing. The Markov blanket showvs which variables are
relevant for estimatingy; ».

Often, Gaussiannoiseis assumedsud that

PYdYe 1:Yr 20505 ¥e n) = Gy f (e 1505 % N); 2) (3)

where G(x; c; 2) is our notation for a normal density evaluated at x with certer ¢ and
variance 2.

It is corveniert to unfold the systemin time which leadsto the system shown in
Figure 1. The realizations of the time seriesare now random variablesin a probabilistic
network. Our problem is to predict y; usingthe available information. Accordingto our
assumptions,the joint probability density is

Y .
P(y1; Y25 y1) = P(Yas i yn) POy 1555y N (4)
I=N+1
Let's now assumethat y; , with k N is missing. Let y* = fy; g and let y™ =
fyi 1:0:¥ « ngnfy; kg. We can calculate the expectedvalue of the next realization of

the time seriesas
z

E(WMe 1) = (Y iy i ye n) POYYjy™) dy (5)

whereM; ; standsfor all measuremets uptot 1. The last equationis the fundamenal
equation for prediction with missing data. Note, that the unknown y; , is not only
dependernt on realizations of the time seriespreviousto t  k but alsoon measuremets
aftert k. The reasonis that the variablesin y™ [ y; form a minimal Markov blanket of
Vi « in the Bayesiannet in Figure 1. A minimal Markov blanket in a Bayesiannetwork
consistsof the direct parerts, the direct successor®f a variable and all direct parerns
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of a variables direct successors.In our case,the direct successorare y; :::Vy; k+1, the
direct parerts arey; ¢ 1:::Y: k n and the direct parers of a variablesdirect successor
arey: 1:::Vt k n+1. The theory of Bayesianand Markov networks now tells us that a
variable is independert of all other variablesin the network if the variablesin the Markov
blanket are known (see Figure 1). This discussionshaws that simply appraximating
Vi k F(Ye k 1Y k 25005 Ye k n) IS suboptimal. The required conditional density in

This expressioncan be evaluated easily using Equation 1 or in the Gaussiannoise case
Equation 3.

2.2 Several Missing Realizations

From the precedingdiscussionit should be clear that nothing changesif the missing
realizationsare separatedby morethan N known realizations. Then the Markov blankets
of the missing variable are still completely known. If this is not the casewe obtain
Equation 5 wherey"  fy; 1;¥t 2;:::; ¥t n0g denoteall missinginstancesbetweent 1
andt N of the time seriesand wherey™ fyi 1;Vt 2;:::;Y¥10 denote the set of all
measuremenhuptot 1. Also P(yYjy™)/ P(y: 1;:::;Y2;Y1) wherethe right-hand side
is obtained from Equation 4.

2.3 Training with Missing Realizations

or any other kind of parargeterizedfunction approximator. The log-likelihood function of
the time seriesis L = log PM (y;y: 1;:::;Y2; Y1) dy: Here

M ey e . — M) ovnnn Yt M N .
PY(YuYt 15::0Y2 Y1) = PU (YN it ya) P (yiiyr 15550 n): (6)

I=N+1

is an appraximation to the joint density and

PM(YtJYt LYt 20005 Ye N) = P (e NNw(Y: 1Y 25005 N)): (7)



For badkpropagation learning or other gradiert basedlearning algorithms we needthe
gradiert of the log-likelihood with respect to the weights which ist

@ _ X “ @gP"(yiy 15y n)

- = PM u(l)iy,m d u(I): 3
@y @V (y"™Viy™) dy (8)
In caseof Gaussiannoise,
@,
@v
z
Nw(yi 255055 |
O NNa 55y ) S W(y'é, YN pu (yuojymy gyt
I=N+1

Herey'®) = yu\ fy;::::y, yg are the missingrealizationsin the input of the network.
The last equation shavs that if all y;:::y; n are known, the integral \disappears".

3 Prediction and Training with Noisy Measuremen ts

y; directly. Instead, we measurez; = y, + ; where . is independen zero-meamoise. Let
z=1"fz;:::z, 1gandy = fy;:::y;g. The joint probability density is

I=N+1 1=1

The expressionfor the expectedvalue of the next instance of the time series(prediction)

IS
Y4

E(viz) = fye wiinye n) POV ol nJ2) dye 1i0idye N 9)

Similarly the gradiert of the likelihood for training canbe calculated. For the special case
of Gaussiannoise,with z = fz;:::z9

Q,
@v
z
N Tl .
O NN iy ) SN 85 W pw ey gy dyirdy
I=N+1 @v

LAssuming known initial conditions for y1;:::;yn . In this paper, we userepeatedly that if f (x) > 0,
then @) = @t ().



4  Appro ximations

4.1 Appro ximations of the Solution

In general,if f() is a nonlinear function the equationswe obtained for prediction and
for calculating the gradiert cannot be solved analytically and must be appraximated
numerically. We will discussa_solution basedon Monte Carlo sampling. Note that all
solutionshave the generalform h(u; m)P (ujm)du whereu is the setof unknown variables
and m is the set of known variables. An integral of this form can be solved by drawing

samples.Then we can approximate
z | 1%
h(u;m)P(uyim)du =  h(u®;m):
S s=1

The problem now reducesto sampling from P(ujm). Let's rst assumethat only one
variable is missing. Then the problemreducesto samplingfrom a one-\ariate distribution
which canbe doneusingsampling-impprtance-resamplingor other samplingtechniques|1].

If more than one realization is missingthe situation becomesamore complicated. The
reasonis that the unknown variables are in general dependert and we have to draw
from the distribution of all unknowns. A generalsolution is Gibbs sampling. In Gibbs
sampling we initialize the unknown variables either randomly or better with reasonable
initial values. Then we selectone of the unknown variablesu; and pick a samplefrom
P(ujjm;u nu;) and set u; to that value. Then we repeat the procedure for the next
unknown variablesand soon. Discardthe rst samples.Then samplesare producedwith
the correctdistribution. This of coursemeansthat we might have to sampleall unknowns
which ewer occurred in the time series. In practice, one would restrict the sampling to
somereasonablechosentime window. Note, that in the missingdata case,if N consecutie
valuesare known the coupling is broken and we do not needto considermissing values
which lie further away. Also samplingis simpleif only samplesof future valuesare required
asin K -step prediction (Section5) and in cortrol problems(Section6.3). The reasonis
that we can sampleforward in time. Note, that samplingdoesnot work for deterministic
systems. Finally, we want to point out the simplicity behind the complicated looking
solutions. Both for prediction and training we draw samplesof the unknown variables
accordingto their probability density. In prediction we substitute those samplesfor the
missing data and averagethe predictions. In training calculate the averageof the error
gradierts using the substituted samples.

4.2 Maxim um-Lik eliho od Substitution

IZ-|ere,W€ do not samplebut substitute the most likely valuesfor u, that is

h(u;m)P(ujm)du  h@u™:;m)



where u™ = max, logP (ujm). For the prediction model in Equation 5 whereyy ; is
missingand assumingGaussians
1

y'e=min (o fnowinn w)?
C =tk

we simply nd the substitution which minimizesthe sum of the squarederrors. In case
of noisy measuremets and Gaussiandistributions

. 1 Xt ., 1 X* 2
y" =, min [ logP(y.;:::iyn) + plzm(yl CARTEERES /I D) s ﬁlﬂ(yl z)]
Where 2 and 2 are the variancesof the two noisesources.Note, that this is a multidi-
mensionaloptimization problem. In training, both the weights and the estimatesof the
missingor noisy realizations are adapted concurrertly .

5 Experiments: K-step Prediction

We can use our precedingequationsto predict K-steps into the future. In our frame-

1%
EMiMe ) g FOR 0y 6ty w)
s=1
wherewe have assumedthat K > N. If K N substitute measuredvaluesfor k K.
Note, that simply iterating the model K -times asit is usually donein K step prediction
is suboptimal in nonlinear time-seriesprediction if K > 1!
In our experimerts, we wanted to nd out to which degreeour solutions are superior
to simply iterating the time seriesin K-step prediction. We usedthe noisy logistic map
Yo =4z 1(1 z 1)+  where

8
2 Vi fo w<l1
Zt:>yt 1|fyt 1
ye+1 ifyy<O

where . is uncorrelated Gaussiannoise with a variance of 2 = 0:01. Figure 2 (left)
shows the time series.Figure 2 (right) shows the meansquarederror as a function of K.
Shown are the iterated system(continuousline) and the solution following our sampling
approad. As expected, for K = 1 the iterated solution is optimal, but for K > 1, the
Monte-Carlo approximation even with only few samplesis far superior.
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Figure 2: Left: Samplesof the logistic map. Right: The meansquarederror asa function
of K in K step prediction. The iterated solution (cortinuous) and the Monte-Carlo
approximation with 3 (dotted) and 20 samples(dashed) are shovn. Only for one-step
prediction, the iterated model is optimal. Note, that by samplingwe obtained an estimate
of the prediction error of the iterated system(assuminga correct model).

6 Extensions

6.1 Error Bars

Sampling provides much more information than just expectedvalues. In all of the cases
consideredearlier| missingor noisy data, K-step prediction| we canalsoeasilyobtain
error bars of the predicted value by calculating the variance (or the covariances)in the
samplesproduced (Figure 2).

6.2 Recurrent Neural Networks for Stochastic Mo dels

The approad can be applied to state spacemodels of the form?

Vi=f(WV 1)+ « ze=yet

wherey;; 2 <Py, z; 2 <Pz, In the following discussionand for the rest of the paper
we will assumeindependert Gaussiannoisefor all noisesourceghere: for all componerts
of { and . ), although the results can be easily generalizedto other distributions. We
also assumethat the componerts of ; have identical variances. In nite variancein the
componerts of ; indicates an unknown (hidden) variable, a variance of zero a certain
measuremet? and a nite variance a noisy measuremenh z = fz;;:::z g is the set
of measuredvaluesand y = fyj;:::y; 19 are unknown. Let's assumethat f (y; 1)

2Intro ducing the more generalassumptionthat z; = g(y;) +  posesno additional di culties.
3For the sampling procedure to work, a small error should always be assumed,sud that the noise
variance is always greater than zero.



NNy (y: 1) is approximated by a neural network. The gradiert of the log-likelihood with
respect to a weight w is

@, X% @Nuy 1)

av' ., @y (i NNw(y 1) PM(yi:yi 1j2) dyidy; 1 (10)

Note, that % isa Dy, Dy dimensionalmatrix, whereD,, are the number of
weights in the network. In the Monte Carlo approximation, the main problem is the
samplingfrom PM (y;y; 1jz) which canbe very time-consuming. We will discussanother
learning algorithm for recurrert networks in the next section where the generation of
samplesis much easier.

6.3 Control of Stochastic Systems, Reinforcemen t Learning and
Training of Recurren t Networks Revisited

Deterministic Control. Considery; = f(y; 1;u; 1) +  whereu; = NNy(y;) is a pa-
rameterizedcortroller. The task is to minimize the expected cost up to a nite horizon
T

Z x5
E(cos) = L IC(y)P(yy; i yr)dys s idyr

where 1 is a discourt factor and P(yq;:::;y71) = P(y1) Q,T=2 p(yijy; 1): To optimize
the cortroller, we needthe gradiert of the expected costwith respect to w. We obtain*

@ (cost) / Xz

I 1
av . Cyn) (11)

X @ (Ym 1:Um 1)) @NNy(Ym 1)
m=2 @'m 1 @V

(Ym  F(Ym 1:Um 1)IP(y1;:::yn) dys:iidy,

This solution can be appraximated using stochastic sampling (seethe following dis-
cussion). To avoid in nite cortrol actions, it might be useful to introduce a cost which
takescortrol actionsinto accourt or which addsa penalty for large weights in N N,.

StachasticControl. Now assumehat the cortrol actionis stochasticuy = N Ny, () + ¢
and that we allow that the costdependson the cortrol action. Then,

@(cosy X X @INw(ym)

I 1 . SN NwiYm)
av - C(yi; UI)[m:l av (Um  NNu(Ym))I (12)

4Recall that we assumeGaussiannoise distributions.
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Note, that we do not needa model of the processf () any more! This is a result
of the fact that we executestachastic cortrol. The system\tries" di erent actions and
adapts the cortroller to favor actions which lead to low costs. We simply simulate the
system(or collect data on the real process)and executecortrol actions. In the courseof
training we might want to reducethe noisevarianceon the cortrol to evertually corverge
to deterministic cortrols. Let's assumethat we generatedS time seriesof the processhy
starting at | = 1 anditerating until T generatingsamplesui andy;?. For eat experimert

S S @lNW v S S
a= a1t Il%(ul N Nw (Y1)
and

g=¢ .+ Clyhupa o

Then

@E (cost)=@v 1=SXS €} :
s=1

Recurrent Neural Networks. The previous equations also cortain an algorithm for
training recurrert neural networks. Assumey; = NNy(y; 1) + (. Dene C(y;) =
Pdiag((y? y)(y? w)9; = 1. Here, y¢ is a target at time t and b is a vector
with by = 1 if the i-th component of y; is measuredand zero otherwise (i. e. for the
hidden variables). The operator diag forms a vector of the diagonalelemens of a matrix.
Then

@ Ny, (Y
$=$1+——é%uhﬁ NNw(y? 1))
and
e =g 1+ Clya:
Finally,
1%
@E(cos)=@v ~ €
S s=1
On-line Adaptation. Consider stochastic cortrol again. We let T ! . We now
assumethat at every time-step, we start a new experimert s. Thenletay = ., a’ and
X N S
a= MG NN o)
m=1
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1 @INy(YP)
1 @v

The last appraximation is valid for largel. Then:

a + (uf NNw(y?):

e=¢e 1+Cy)a 1

( = 1). In practice, a small gradiert desceh learning step might be executedat every
time-step w(l) / g with an additional decay term on g ( < 1). Note that this is
easily recognizedas a variant of reinforcemen learning. We can reducethe variance of
the cortroller in the courseof training and convergeto a deterministic cortrol law. The
connectionwith reinforcemen learningis even more obvious if we write for the right-hand
side of Equation 12 (exchangethe order of summations, T ! 1)

2 2 @INy(Ym)

. av (Un  NNu(Ym) ™ YCWmium)+ V(Yms1))

P(Ym; Ym+1; Um) dYmdym+1 dum:

The expression
Z N Z
V(¥Ym+1) =  C(Ym+1;Um+1)dUns1 + LMoL Cyun)P (v up)dydy,

I=m+2

is the expectedcostif the currert state is yn+1 (not including the factor ™).

7 Conclusions

We have shavn how the problem of missing and noisy data can be approaded in a
principled way in time-seriesprediction. In addition, we derived equationsfor training
recurrert neural networks, for stochastic cortrol and for reinforcemen learning problems.
The proposedapproximations are basedon stochastic simulations which, in general,are
computationally expensive. Samplingis particularly simpleif we cansampleonly forward
in time asin K -step prediction and in the cortrol laws and learning rules discussedn
Section6.3.

References
[1] Bernardo, J. M., Smith, A. F. M. (1994) Bayesian Theory. Wiley & Sons.

[2] Buntine, W. L. and Weigend,A. S. (1991). BayesianBack-Propagation. Complexsystems,
Vol. 5, pp. 605-643.

11



[3] Ghahramani, Z. and Jordan, M. I. (1994). SupervisedLearning from Incomplete Data via
an EM approach. In: Cowan, J. D. et al., eds.,Advanesin Neural Information Processing
Systems6, Morgan Kaufman.

[4] Tresp, V., Ahmad, S. and Neuneier, R. (1994). Training Neural Networks with De cient
Data. In: Cowan, J. D. et al., eds., Advanes in Neural Information Processing Systems
6, Morgan Kaufman.

12



